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Lecture 3a: Deterministic Difference Equation
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Motivation

• Most time series are time-dependent. That is, the present value depends on its history

• For example, last year’s GDP definitely will affect this year’s GDP; yesterday’s stock price
will affect today’s price.

• Difference equation relates the present value yt to its past values yt−1,yt−2, . . .

• Difference equation is a major component of a dynamic economic model
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First Order Deterministic Difference Equation

yt = a+byt−1 (1)

• a is intercept; b is slope, which measures the marginal effect:

dyt

dyt−1
= b

• subscript t is the time index. For annual data, if t = 2014, then t −1 = 2013.

• the first order equation relates yt to yt−1 only. The second order equation will add yt−2 on
the right hand side.
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Solution

• By solving the difference equation we mean express yt in terms of a,b, t and y0 (initial
value).

• (1) is not a solution because yt−1 itself depends on a,b and y0.

• In short, the solution should only contain the given parameters, the time index and the
initial value.
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Method of Iteration

• Start with y1 = a+by0 (ie., let t = 1 in (1))

• Then y2 = a+by1 = a+b(a+by0) = a+ab+b2y0

• Find y3 =

• Find yt =
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Solution 1

yt = (a+ab+ab2 + . . .+abt−1)+bty0 (2)

• (2) is a solution (and there are many other solutions) since it involves a,b, t and y0 only

• But this solution assumes t is finite. What if t → ∞?

• Assuming
|b|< 1

we have

lim
t→∞

bty0 = (3)

lim
t→∞

a+ab+ab2 + . . .+abt−1 = (4)
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Condition For Stability and Steady State

|b|< 1 (stability condition) (5)

If the stability condition holds then

• the effect of initial value decays toward zero as time goes by

• in the limit, the series converges to a constant value, called steady state:

lim
t→∞

yt =
a

1−b
(steady state) (6)
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Why call it steady state?

• Let’s denote the steady state by ȳ :

ȳ ≡ a
1−b

and suppose yt−1 = ȳ

• Find yt =

• Find yt+1 =

• So the series will stay at the steady state forever once it reaches there

• Loosely speaking, steady state is the dynamic equilibrium
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General Solution

• Solution (2) cannot be applied when t → ∞.

• We hope to find a solution, called general solution, which is valid even when t → ∞.

• The general solution is sum of two components

yt = yh + yp (7)

where yp is a particular solution; yh is the solution to the homogenous (or complementary)
equation
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Particular Solution and Steady State

• Usually we let the particular solution be the steady state

• That is, we let yt = yp,yt−1 = yp and now the equation looks like

yp = a+byp

Solving for yp :

yp =
a

1−b
(if b ̸= 1)

• The steady state does not exist when b = 1. In that case the series is a unit root series.
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Homogeneous Equation and Its Solution

• The homogeneous equation is
yt = byt−1

• According to (2) we guess the solution to the homogeneous equation takes the form of

yh = Axt ,

where A and x are to be determined.

• Let yt = Axt ,yt−1 = Axt−1, plug these two into the homogeneous equation, and simplify, we
get

x = b
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Characteristic Equation and Characteristic Root

• The characteristic equation is
Axt = bAxt−1

• The root for the characteristic equation is called characteristic root. In this case, the
characteristic root is

x = b

• Given (5), the stability condition can be rephrased as

|characteristic root|< 1 (stability condition) (8)

• Condition (8) is very general, and can be applied to higher-order difference equation.
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How to get A

• Now the general solution looks like

yt = yp + yh (9)

= ȳ+Abt (10)

• This solution should apply to any t, including t = 0. Thus

y0 = ȳ+Ab0 (11)

⇒ A = y0 − ȳ (12)

• So A measures the deviation of initial value from the steady state.
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Finally

The general solution for the first order deterministic difference equation (1) is (assuming b ̸= 1)

yt = yp + yh = ȳ+(y0 − ȳ)bt (13)

with the steady state given by

ȳ =
a

1−b
.

• Check solution (13) holds when t = 0

• Check solution (13) holds when t = ∞

• Find y1 =

• Find y2 =
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Dynamics

yt = yp + yh = ȳ+(y0 − ȳ)bt

• y0 − ȳ measures the deviation of initial value from the steady state

• Whether or not the series converges to steady state depends on b.

• Convergence occurs when the stability condition (5) or (8) holds:

1. when 0 < x < 1 the convergence is monotonic;

2. when −1 < x < 0 the convergence is oscillating;

where x is the characteristic root.
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Example

Consider the equation
yt = 1+0.8yt−1,y0 = 4

1. Does the steady state exist? If so, find it

2. Use the method of iteration to find y1,y2,y2. Do you see the pattern?

3. Does convergence occur? Why? If so, is the convergence monotonic or oscillating?

4. What if we change 0.8 to -0.5?

5. What if we change 0.8 to 1.0?
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Unit Root Revisited

If b = 1 the equation becomes
yt = a+ yt−1

1. Use the method of iteration to find y1,y2,y3. Do you see any pattern?

2. Does the effect of y0 decay toward zero?

3. In the limit, the series becomes what?

4. Do you think log GDP has unit root or not? Why?
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Second Order Difference Equation

yt = a0 +a1yt−1 +a2yt−2

This second order equation allows both the first and second lag values affect yt .
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Steady State

Let yt = yt−1 = yt−2 = ȳ, it follows that

ȳ =
a0

1−a1 −a2
(if a1 +a2 ̸= 1) (14)

At least one unit root is present if a1 +a2 = 1. In that case, let the steady state be a linear trend

ȳ = ct

Exercise: find c and show the condition under which c exists (if that condition fails, we try
ȳ = ct2. Then two unit roots are present).
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Homogenous and Characteristic Equations

The homogeneous equation is

yt = a1yt−1 +a2yt−2,

for which we let yc = Axt . This leads to the following characteristic equation

x2 −a1x−a2 = 0 (characteristic equation) (15)

Assuming distinct roots, we have
yc = A1xt

1 +A2xt
2 (16)

So convergence occurs when yc → 0, or equivalently,

|x1|< 1 and |x2|< 1 (17)

where | | denotes modulus if x is complex root. A1 and A2 can be determined by two initial
values y0,y1.
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Complex Characteristic Root and Sinusoidal Behavior

We can rewrite a complex number in polar form as

x = a+bi = r(cos(θ)+ isin(θ)) (18)

r =
√

a2 +b2 (19)

θ = tan−1
(

b
a

)
(20)

Proof by induction can show the so called De Moivre’s theorem

xt = rt(cos(tθ)+ isin(tθ)) (21)

Thus, for complex roots, condition (17) amounts to

r < 1 (22)

and if (22) holds, yt converges to the steady state with sinusoidal behavior.
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Lecture 3b: Stochastic Difference Equation
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Motivation

• The solution for a deterministic difference equation is deterministic: once a,b, t,y0 are
given, we know the whole time path for yt , t = 1,2, . . . for sure.

• But in reality most time series are random. That means we cannot predict them as precisely
as implied by the deterministic equation

• The stochastic difference equation just adds a random term (shock) to the deterministic
equation.
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First Order Stochastic Difference Equation

yt = a+byt−1 + et (23)

• the shock et is a random variable.

• If we think yt depends on yt−1 only, (ie., yt−2 and all other previous values have no direct
effect on yt once yt−1 has been controlled for), then we can assume et is a white noise
process, which is time-independent (don’t get confused, yt is still time-dependent).

• (Optional) Model (23) is adequate if E(yt |yt−1,yt−1, . . .) = E(yt |yt−1). In that case we can
prove E(et |et−1,et−1, . . .) = 0 and cov(et ,et− j) = 0,(∀ j ̸= 0)
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White Noise

• In statistics we use random variable to capture the randomness.

• Let E denotes the expectation operator. A white noise process {e1,e2, . . . ,et} is a special
time series with the properties (by definition) that for any t

Eet = 0 (24)

var(et) = Ee2
t = σ2

e (25)

cov(et ,et− j) = E[etet− j] = 0, (∀ j ̸= 0) (26)

where var and cov represent variance and covariance, respectively.
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Remarks

• Basically the first property means that the shock has average effect of zero (or chances are
half-half we have positive or negative shocks).

• The second property is homoskedasticity (not important for economics, but important for
finance, more discussion latter).

• The last property is crucial. It means the shocks are uncorrelated with each other. In other
words, the shocks are unpredictable (in an adequate model).
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Method of Iteration

• y1 = a+by0 + e1

• y2 = a+by1 + e2 =

• y3 =

• yt =
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Solution 1

yt = (a+ab+ab2 + . . .+abt−1)+bty0 +(et +bet−1 + . . .+bt−1e1) (27)

In the limit as t → ∞,

• what will happen to (a+ab+ab2 + . . .+abt−1)? Need any assumption?

• what will happen to bty0? Need any assumption?

• what will happen to (et +bet−1 + . . .+bt−1e1)? Need any assumption?
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Mean and Steady State

If |b|< 1

• It follows that as t → ∞,

a+ab+ab2 + . . .+abt−1 → a
1−b

• By taking expectation on both sides of (23) we have

Eyt =
a

1−b

• So in the stochastic setting, the mean corresponds to the steady state.
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Stability Condition Revisited

In the stochastic setting, the condition that

|b|< 1

is relabeled as the stationarity condition. If a series is stationary, there is tendency for the series
to move to its mean value (steady state). Or in other words, a stationary series is mean-reverting.
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Other Properties of Stationary Series

• From (27) we can show
dyt

det− j
= b j.

• b j measures the effect of past shock et− j on current value yt , called impulse response.

• Under the stationarity condition |b|< 1, when j → ∞ we have

dyt

det− j
= b j → 0.

That means a shock only has transitory effect if the series is stationary. Put differently, a
stationary series has short memory.
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What if b = 1

In the limit as t → ∞,

• a+ab+ab2 + . . .+abt−1 →

• Eyt =

• (et +bet−1 + . . .+bt−1e1)→

• dyt
det− j

=

In this case, the series is nonstationary unit-root process, for which the sample mean is
misleading, and the series is trending due to the at term. Any shock will have permanent effect.


