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Lecture 15: Regression with Autocorrelated Error Term
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Big Picture

• The serial correlation in the error term affects the standard error of the OLS estimates, just
like heteroskedasticity.

• Generalized Least Square estimator is more efficient than OLS if the error term are serially
correlated.

• Maximum Likelihood estimator and Nonlinear Least Square estimator may be used as well.



3

Time Series Regression

Suppose we have two time series yt and xt . First we assume both are stationary, so conventional
statistical theory such as law of large number still applies. We also assume xt does not include
lagged value of yt . We want to examine their relationship by running the regression

yt = βxt +ut (1)

where the intercept term is dropped for simplicity. Using the matrix notation, we can write the
OLS estimate as

β̂ =
(
X ′X

)−1 (X ′Y
)

(2)

where X and Y are both column vectors that stack the observations vertically.
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Autocorrelated Error

The issue of serial correlation arises if ut and its lagged values are correlated (called
autocorrelation). As a starting point, let’s assume the error time series is an AR(1)

ut = ϕut−1 + et (3)

where et is white noise. In this case, we can show the variance-covariance matrix of the error
vector is

Ω = E
(
UU ′)= σ2


1 ϕ ϕ 2 . . . ϕ n−1

ϕ 1 ϕ . . . ϕ n−2

...
...

...
...

...

ϕ n−1 . . . ϕ 2 ϕ 1

 (4)

where we use the fact that var(ut) = σ2,cov(ut ,ut− j) = ϕ jσ2 for an AR(1) process.
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Autocorrelation Robust Variance

It is straightforward to show that the variance-covariance matrix for OLS estimate β̂ is

var(β̂ )autocorrelation robust =
(
X ′X

)−1 (X ′ΩX
)(

X ′X
)−1 (5)

This is the sandwich formula of autocorrelation robust variance, and should be used when ut is
serially correlated. It is incorrect to use the usual or nonrobust formula below

var(β̂ )non-robust = σ2 (X ′X
)−1 (6)

Formula (6) is correct only when the error is serially uncorrelated. This situation is very similar
to that the heteroskedasticity—robust variance (standard error, t value, p value) should be used if
errors are heteroskedastic.
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HAC or Newey-West Covariance Estimator

It is possible to account for both heteroskedasticity and autocorrelation (HAC for short) in the
error term by using the so called HAC or Newey-West estimator for the variance-covariance
matrix. To learn more, read Newey, Whitney K and West, Kenneth D (1987), “A Simple,
Positive Semi-definite, Heteroskedasticity and Autocorrelation Consistent Covariance Matrix”.
Econometrica. 55, 703-708.
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GLS Estimator

In the presence of autocorrelation, option one is still using OLS, but with
autocorrelation–adjusted variance. Option two is using GLS, which is based on the following
transformed regression in which the error term is serially uncorrelated:

(yt −ϕyt−1) = β (xt −ϕxt−1)+ et (7)

Notice that the new dependent variable is yt −ϕyt−1, while the new regressor is xt −ϕxt−1.

More importantly, the new error et is white noise with zero correlation. The GLS estimator is
just OLS applied to (7). Because regression (7) satisfies the conditions for Gauss–Markov
theorem, GLS is best linear unbiased estimator (BLUE), more efficient than OLS.
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FGLS Estimator

In practice ϕ is unknown. However, regression (7) suggests a feasible three–step procedure

1. First, fit OLS to regression (1), and save the residual ût .

2. Second, replace ut with ût , and obtain ϕ̂ by running regression (3).

3. Finally, regress yt − ϕ̂yt−1 onto xt − ϕ̂xt−1. Then we can get the feasible generalized least
square estimator (FGLS) of β .
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Monte Carlo

set.seed(1234)

T = 100

tr = 1:T

phi = 0.6

beta = 2

x = rnorm(T)

e = rnorm(T)

u = rep(0, T)

for (t in 2:T) u[t] = phi*u[t-1]+e[t]

y = x*beta + u

Note the data generating process is ut = 0.6ut−1 + et ,yt = 2xt +ut .
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Monte Carlo—OLS

m1 = lm(y˜x) # regression (1)

summary(m1)

lm(formula = y ˜ x)

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 0.1104 0.1297 0.851 0.397

x 1.9202 0.1282 14.981 <2e-16 ***

The OLS coefficient estimate 1.9202 is still correct (it is close to the true value of 2), but the
standard error, t value, p value are all wrong (since they assume the error is serially
uncorrelated).
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Monte Carlo—OLS with HAC estimator

library("sandwich")

library("lmtest")

coeftest(m1, df = Inf, vcov = NeweyWest)

z test of coefficients:

Estimate Std. Error z value Pr(>|z|)

(Intercept) 0.11038 0.26717 0.4131 0.6795

x 1.92020 0.17176 11.1792 <2e-16 ***

We need packages “sandwich” and “lmtest” to obtain the HAC covariance estimator. Notice that
the autocorrelation–robust standard error 0.17176 is greater than the (incorrect) non–robust
standard error 0.1282.
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Monte Carlo—FGLS

Next we try option two

uhat = m1$resid

uhat.lag1 = c(NA, uhat[1:(T-1)])

summary(lm(uhat˜uhat.lag1)) # regression (3)

y.lag1 = c(NA, y[1:(T-1)])

x.lag1 = c(NA, x[1:(T-1)])

ystar = y - 0.5965*y.lag1

xstar = x - 0.5965*x.lag1

summary(lm(ystar˜xstar)) # regression (7)
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Monte Carlo—FGLS Result

lm(formula = ystar ˜ xstar)

Coefficients:

Estimate Std. Error t value Pr(>|t|)

(Intercept) 0.03555 0.10457 0.34 0.735

xstar 1.93754 0.09615 20.15 <2e-16 ***

The FGLS estimate 1.93754 is very close to the true value of 2, with t value of 20.15 greater than
the HAC t value 11.1792. This confirms that GLS is more efficient than OLS if HAC is present.
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MLE and NLS Estimators

We may also estimate ϕ and β jointly (simultaneously). To do so, we need to assume et follows
a normal distribution, so ut follows a normal distribution as well conditional on ut−1 :

fut |ut−1 =
1√

2πσe
e
− (ut−ϕut−1)

2

2σ2e

Next, we replace ut = yt −βxt and get

ft =
1√

2πσe
e
− [(yt−βxt )−ϕ(yt−1−βxt−1)]

2

2σ2e

Maximizing the log likelihood is equivalent to minimizing

min
β ,ϕ

∑
t
[(yt −βxt)−ϕ(yt−1 −βxt−1)]

2 (8)

The nonlinear least square estimator solves the above optimization problem.
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Monte Carlo—NLS

rss.nls = function(co) {

beta = co[1]

phi = co[2]

res = (y - phi*y.lag1)-beta*(x - phi*x.lag1)

rss = sum(resˆ2, na.rm=T)

return(rss)

}

optim(c(0.1,0.1), rss.nls)
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Monte Carlo—NLS Result

> optim(c(0.1,0.1), rss.nls)

$par

[1] 1.9366482 0.6000478

$value

[1] 105.0014

$counts

function gradient

81 NA

$convergence

[1] 0

The NLS estimates of β̂ = 1.9366482 and ϕ̂ = 0.6000478 are even closer to the true values.
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Monte Carlo—NLS Canned Command

R has a canned command that reports the NLS estimates, standard error, t value and p value.

> summary(nls(y˜p*y.lag1+b*x-p*b*x.lag1), start = list(p=0.1, b=0.1))

Formula: y ˜ p * y.lag1 + b * x - p * b * x.lag1

Parameters:

Estimate Std. Error t value Pr(>|t|)

p 0.60005 0.08290 7.238 1.07e-10 ***
b 1.93656 0.09634 20.100 < 2e-16 ***
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Using Lagged Dependent Variable as Regressor–I

So far we assume xt contains no lagged values of yt . Now consider the opposite. For instance,
consider an AR(1) regression with autocorrelated error

yt = βyt−1 +ut (9)

ut = ϕut−1 + et (10)

It follows that
(yt −ϕyt−1) = β (yt−1 −ϕyt−2)+ et (11)

or

yt = (β +ϕ)yt−1 −βϕyt−2 + et (12)

We will get biased β̂ if we fit (9) by OLS, because it is clear from (12) that yt−2 is the variable
omitted by (9) (which is correlated with yt−1).
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Using Lagged Dependent Variable as Regressor–II

1. Unrestricted OLS applied to (12) is inappropriate as well because it fails to impose the
restriction that the AR1 coefficient is β +ϕ while the AR2 coefficient is βϕ .

2. The proper ways are (i) running restricted OLS to (12), or (ii) applying NLS to (12) and
estimate ϕ and β jointly



20

Spurious Regression and Cointegration

Finally, if yt and xt are both nonstationary, then regression (1) is a spurious one if the error term
ut is nonstationary; while regression (1) is cointegration if ut is stationary. In either case, the
conventional statistical theory fails. For instance, in the case of cointegration, the OLS estimate
β̂ is super–consistent; while the t value does not follows a normal distribution.


