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Lecture 13: Johansen ML Estimation of Error Correction Model
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Big Picture

� The Engle-Granger cointegration test cannot be used to test the number of cointegration relationships

� The Johansen test can
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VAR(p) and Representation

Consider a bivariate VAR(2) system

yt = ϕ1yt−1 + ϕ2yt−2 + et (1)

where yt = (y1,t, y2,t)′, ϕ1 and ϕ2 are 2 × 2 matrix and et = (e1,t, e2,t)′. We can always rewrite this

model as

∆yt = γyt−1 − ϕ2∆yt−1 + et (2)

γ ≡ ϕ1 + ϕ2 − I (3)
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Remarks

There are three possibilities

1. γ = 0 so has zero rank. In this case, data are I(1), not cointegrated, and we should run VAR(1) in

difference.

2. rank(γ) = 1 so γ is singular. In this case, data are I(1), but cointegrated. We should run the Error

Correction Model.

3. rank(γ) = 2 so γ is nonsingular. In this case, data are I(0). It does not matter running VAR(2) in

level or VAR(1) in difference.
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Error Correction Model I

When rank(γ) = 1 it follows that γ has eigenvalues of λ1 = 0, ∣λ2∣ < 1 with eigenvectors of c1, c2. Let

c = (c1, c2) and Λ = diag(0, λ2) we can diagonalize γ as

γ = cΛc−1 = αβ′ (4)

where

α = λ2 × second column of c

β′ = second row of c−1

So γ can be factored as product of a row vector and a column vector if rank(γ) = 1.



Page 6

Error Correction Model II

The error correction term is given by

ecm = β′yt−1
and α measures the adjustment relative to the error correction term. For a cointegrated system we cannot

run VAR in difference because it ignores the error correction term.
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Johansen ML Estimation

Johansen suggests applying MLE for the Error Correction Model, which is a restricted regression

∆yt = αβ′yt−1 − ϕ2∆yt−1 + et (5)

This regression is restricted in the sense that it imposes the hypothesis that

H0 ∶ rank(γ) = 1

The estimates are obtained using a special technique called reduced rank regression. Unlike the

Engle-Granger Two-Step procedure, Johansen method estimates α and β simultaneously.
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Johansen Test for Cointegration I

The Johansen test for cointegration is essentially a likelihood ratio test. The restricted model is (5) while

the unrestricted model is (2) (without imposing rank(γ) = 1). It follows that

Johansen LR (Trace) Test = −T
m

∑
i=k+1

log(1 − δi)

where m is the dimension of the system (m=2 for a bivariate system), k is the number of cointegrations (or

rank of γ) under H0, and δi is the i-th eigenvalue (in descending order) of a special matrix.
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Johansen Test for Cointegration II

Essentially the Johansen test is concerned with the number of non-zero eigenvalues of γ. If there are two

eigenvalues significantly different from zero, then there are two cointegrating relationships in the system.

The distribution of the Johansen test is nonstandard (as expected), and the distribution depends on the

specification of the deterministic term (as expected too).


