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A simple dynamic model of labor market

Let et be the number of employed workers, ut be the number of unemployed worker. An
employed worker has probability of 0.8 to be employed in the next period, and probability of 0.2
to be unemployed. (Note 0.8+0.2=1). An unemployed worker has probability of 0.3 to be
employed, and probability of 0.7 to remain unemployed. (Note 0.3+0.7=1)
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First order bivariate difference equation

This model can be written as a system of first order difference equations:

et = 0.8et−1 +0.3ut−1 (1)

ut = 0.2et−1 +0.7ut−1 (2)
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Matrix form

Define a 2×1 column vector:

Yt =

 et

ut


and the transition matrix

A =

 0.8 0.3

0.2 0.7


The matrix form of the system of difference equation is

Yt = AYt−1 (3)

Please show (3) duplicates (1) and (2).
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Markov Matrix

Notice that the sum of entities in each column of A is unity. So A is an example of
Markov Matrix. As a result, the equation (3) is also called Markov Chain. Usually we will get
Markov matrix if each entry of the matrix is probability (which adds up to one).
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Iteration Method

We can use iteration method to show

Y1 = AY0

Y2 = AY1 = A2Y0

In general,

Yt = AtY0 (4)

So the solution for the first order equation is very simple. In particular, At determines whether
the system converges. Eigenvalues and eigenvectors are needed to find At .
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Eigenvalue of A

If there is a nonzero column vector v satisfying

Av = λv (5)

then λ is called eigenvalue, and v is the corresponding eigenvector. λ can be found by solving
this characteristic equation

det(A−λ I) = 0,

where det denotes the determinant of a matrix. In this case

(0.8−λ )(0.7−λ )− (0.2)(0.3) = 0

The two solutions (characteristic roots, eigenvalues) are

λ1 = 1,λ2 = 0.5

In general, Markov matrix has one eigenvalue that equals 1
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Steady state and eigenvector for λ1 = 1

For λ1 = 1, the eigenvector v1 satisfies

Av1 = v1.

That means the steady state must exist for our model because when Yt−1 = v1

Yt = AYt−1 = Av1 = v1.

In general, the steady state is the eigenvector v1 for λ1 = 1 when A is Markov matrix. Here we
see that the eigenvector can have an economics meaning.
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Eigenvector for λ1 = 1

To find the eigenvector, solve this equation

(A−λ I)v = 0

For λ1 = 1, the eigenvector v1 satisfies

(A− I)v1 = 0

Let c1 be any nonzero scaler, the solution for this problem is

v1 = c1

 3

2
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Exercise

You can check this is eigenvector because Av1 = λ1v1, or more explicitly, 0.8 0.3

0.2 0.7

 3

2

=

 3

2


Q: find the eigenvector v2 for λ2 = 0.5
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Diagonalizing A (Spectral Decomposition)

By definition of eigenvalues and eigenvectors

(Av1,Av2) = (λ1v1,λ2v2)

Define

V ≡ (v1,v2),Λ ≡

 λ1 0

0 λ2


In matrix form we have

AV =V Λ ⇒ A =V ΛV−1 (Spectral Decomposition) (6)

V−1 must exist (or V is nonsingular) when λ1 ̸= λ2.
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Why bother?

It is easy to show

At = (V ΛV−1)(V ΛV−1)...=V ΛtV−1 =V

 λ t
1 0

0 λ t
2

V−1

Thus, the spectral decomposition, which involves the eigenvalues and eigenvectors, enables us
to substantially simplify the calculation of At . Notice that the exponential of the diagonal matrix
Λ can be easily computed as element-by-element exponential. That is not the case for At .
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What if λ1 = 1, |λ2|< 1?

In that case, as t → ∞

V

 λ t
1 0

0 λ t
2

V−1 →V

 1 0

0 0

V−1 = (v1,v2)

 1 0

0 0

 r′1
r′2

= v1r′1

where r′1 is the first row of V−1
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Markov Chain again

Now we can show as t → ∞

Yt = AtY0 →V

 1 0

0 0

V−1Y0 = c1v1

where c1 = r′1Y0. In short, the Markov Chain converges to steady state v1 (up to a constant) when
all other eigenvalues are less than one in absolute values.
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Go back to our model

Since the second eigenvalue |λ2|= 0.5 < 1, our labor market will converge to the steady state
given by

c1v1 = c1

 3

2


In the limit, the ratio of employed workers to unemployed workers should be 3/2. In other
words, the natural rate of unemployment is 40% according to this model.
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R Simulation

We can use the following R codes to simulate that Markov Chain

Y0 = matrix(c(250, 250), nrow=2, ncol=1)

A = matrix(c(0.8, 0.2, 0.3, 0.7), nrow=2, ncol=2)

install.packages("expm")

library(expm)

(A%ˆ%2)%*%Y0

(A%ˆ%10)%*%Y0

(A%ˆ%100)%*%Y0

We see that the system converges to a state in which 300 workers are employed, and 200 are
unemployed. The simulation is consistent with the theoretical prediction.
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General Markov Chain

Consider a general Markov matrix (in which the column adds to 1)

A =

 p1 1− p2

1− p1 p2


we can show that

λ1 = 1,λ2 = p1 + p2 −1 (7)

|λ2| < 1, if 0 < p1 < 1,0 < p2 < 1 (8)

v1 = c1

 1− p2

1− p1

 (9)
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General Multivariate First-Order Difference Equation

The solution for
Yt = A(k×k)Yt−1

is

Yt = AtY0

= V ΛtV−1Y0

= (v1, . . . ,vk)


λ t

1 . . . 0

. . . . . . . . .

0 . . . λ t
k




r′1
. . .

r′k

Y0

Finally, we get
Yt = c1λ t

1v1 + . . .+ ckλ t
kvk (10)

where ci = r′iY0. If λ1 = 1, |λ j|< 1,∀ j > 1, then the system converges to the steady state c1v1.

The system diverges if any |λ j|> 1.
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Second order difference equation revised

We can rewrite a univariate second order equation yt = ϕ1yt−1 +ϕ2yt−2 as a bivariate first order
equation (called state-space form) yt

yt−1

=

 ϕ1 ϕ2

1 0

 yt−1

yt−2


The benefit of using the state-space form is that we can readily use our understanding of the
solution Yt = AtY0. For example, to figure our the condition for convergence, we only need to
solve the characteristic equation given by

λ 2 −ϕ1λ −ϕ2 = 0.

Unsurprisingly, this is the same as the characteristic equation we derived before– we just replace
x with λ .


