Time Series —Chapter 10 of Wooldridge’s textbook

(Jing L1, Miami University)



Big Picture

In this lecture you will learn
1. Time series data
2. Lag and difference of time series

3. Static, DL, ADL, and AR Models

4. Forecasting time series



Time Series

1. Time series data have temporal ordering. Past can affect future, not vice versa. That is

the difference from the cross sectional data.

2. In time series data there is a variable that serves as index for the time periods. That

variable also indicates the frequency of observations. For instance, we have yearly data

if one observation becomes available once a year.

3. The regression that uses time series can have causal interpretation, provided that the
regressor is uncorrelated with the error term (exogeneity). The regression result is
biased when there are some omitted variables.

4. More often, time series are used for forecasting purpose.



A Static Model

I. Consider a simple regression using time series data
Y, =Bo+PBi1X; +u; (static model) (1)

where subscript 7 1s used to emphasize that data are time series.

2. Model (1) static because it only captures the immediate or contemporaneous effect of X

on Y. When X, changes by one unit, it only has effect on Y; (in the same period). In
other words, future values of Y;.11,Y;.7... are unaffected.



Lag

1. Itis easy to allow for lag effect by using lag value. There are first lag, second lag, and so
on. The table below is one example

Y | Y1 | Y2 | AY,

=~

2.2 | na na na
3 2.2 na 0.8
-2 3 2.2 -5

('S TN I \NO I

2. t 1s the time index. t = 1 corresponds to the first (or earliest) observation.

3. Y;_qi1sthe firstlagof ¥;. Whent =2,Y;, | =Y, =Y; =2.2. So the second
observation of Y;_ is the first observation of Y;. The first observation of ¥;_; is missing

value (denoted by na) because there is no data for Y. Essentially you get the first lag by
pushing the whole series one period down.

4. Y;_» 1s the second lag of Y;. You get the second lag by pushing the whole series two

periods down (and two missing values are generated).

5



Difference

1. AY; 1s the first difference. By definition,

A, =Y, — Y (2)
for example, whent =2, A, =Y, — Y, | =3 —2.2 =0.8. AY; is missing since Y is na

2. The R codes to generate the first lag, second lag, and difference are

n = length(y)
ylagl = c(NA, y[1:(m-1)1)
ylag2 = c(NA, NA, y[1:(n-2)]1)

dy = y - ylagl



DL Model

1. The distributed lag (DL) model uses lag values of X to account for the lag effect. For
instance, a DL model with two lags are

Y, =Bo+ 60X; + 61X, 1+ 0X;—2»+u (DL model with two lags) (3)

where the parameter 0 is called (short-run) multiplier.

2. Mathematically, we can show

] )
‘Zgl _ dff_ - 5)
dy, dy,

d;tz - dXtiz =% (©)
d;;; L= df(ij =0, (j>2) (7)

where % can be obtained from the regression where Y;. 1 1s the dependent variable.
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Lag distribution and long run propensity

1. When we graph 0; as a function of j, we obtain the lag distribution.

2. The cumulative effect of X; on Y;, ¥;1 and Y;, 1s called long run propensity (LRP) or

long run multiplier.
LRP=08p+ 61+ & (8)

3. There are two steps to obtain the estimate and standard error for LRP. First, write
0 = 0y + 01 + 02, which implies that 09 = 8 — 0; — 0,. Then equation (3) becomes

Y, = PBo+0ooXi+01X—1+0X—2+u 9)
= Bo+(0—086—&)Xi+01Xi—1+&Xi—2+u (10)
= Bo+0X,+0(Xi—1 — X))+ 0 (Xi—2—X;) +uy (11)

The last equation suggests running a transformed regression of ¥; onto X;, (X;—1 — X;)
and (X;_» —X;). Then § = LRP, se(8) = se(LRP) and the confidence interval for 6 is
the confidence interval for LRP




Restricted DL. Model

1. Due to multicollinearity, it can be difficult to obtain precise estimates of the short run

multiplier 0;. However we can often get good estimate of LRP.

2. Another way to mitigate multicollinearity 1s imposing some restriction on the lag
distribution. For example, if we assume the lag distribution is flat, i.e., 0p = 01 = & = 0
then model (3) reduces to a restricted regression

i=B+0Z+uw, Z=X+Xi—1+Xi—2) (12)



ADL Model

1. If the effect of X never dies out we need to use infinite lag value of X, which is
infeasible.

2. Instead we may consider an autoregressive distributed lag model (ADL) given by

Y, =Bo+pY;_1+6X,+u; (ADL model) (13)

3. We can apply chain rule to show the effect of X on Y 1s

dy, dY,;y1  dYiyp dY, dYiy -
s _ —p5.... — 0§ 14
ax, % ax, ~ av, ax, Poax, TP (14)

So the effect of X decreases exponentially if |p| < 1, but never becomes zero

4. In short, ADL model allows for long-lasting effect of X on Y
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AR Model

1. We get autoregressive (AR) model (autoregression) if X is excluded from the ADL
model. For instance, a first order autoregression 1s

Y, =PBo+pY;—1+u (AR(1) model) (15)

2. The AR model 1s more suitable for forecasting than ADL and DL models since we do
not need to forecast X before forecasting Y.

3. The AR model can be used to show serial correlation. A series is serially correlated if p

in (15) 1s significantly different from O (when its p-value 1s less than 0.05).

4. For highly persistently time series, it is common to find p ~ 1
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Forecasting

1. The one-period ahead forecast based on the AR(1) 1s computed as
Pro1=Po+pYr (16)
where Y7 denotes the last (most recent) observation. The two-period ahead forecast is
Pri2 = Bo+pTrii (17)
In general the h-period ahead forecast is
Yron=PBo+pYrin (h=2,3,...) (18)
In short all forecasts can be computed in an iterative (recursive) fashion.

2. The AR model with two lags can be fitted by R code
Im(y ~ ylagl+ylag2)

3. We can add third lag, fourth lag, and so on until the new lag has insignificant coefficient.
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Trend and Seasonality

1. If the time series 1s trending, we can add a linear trend (and even quadratic trend) into
the AR model and run below regression:

Y; = Po+pYi—1+ct+u (19)

where ¢ 1s the linear trend.

2. If we have monthly or quarterly data, there may exist regular up and down pattern at
specific interval. This phenomenon is called seasonality. For instance, the sale data

typically go up in November and December. It is easy to account for seasonality by

using dummy variable that equals one during a particular season.
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Example 1—fertil3 data

> library(wooldridge)

> data(fertil3, package=’wooldridge’)

fertil3[1:5,c("gfr","pe","year","pill")]
gfr pe year pill

\V4

1 124.7 0.00 1913 0
2 126.6 0.00 1914 0
3 125.0 0.00 1915 0
4 123.4 0.00 1916 0
5 121.0 19.27 1917 0
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Remarks

1. We use fertil3 Data. See example 10.4 and 10.8 in textbook for detail.

2. The dependent variable is general fertility rate (gfr). It is the number of children born to
every 1000 women of childbearing age.

3. The key independent variable 1s personal tax exemption (pe). We want to control two
variables. ww2 is a dummy variable that equals 1 during World War II (year
1941-1945). pill is another dummy variable that equals one after year 1963 (in that year
birth control pill became available)

4. The data contain 72 yearly observations between 1913 to 1984. In 1913, for example,
gfr =124.7, pe = 0 and pill = 0.

5. It 1s important to plot time series before analyzing it. Next we show the time series plot
of gfr and pe.

6. It 1s shown that pe was upward trending before mid 1940. Starting in 1950, both gfr and
pe overall have been downward trending.
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Time Series Plots
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Static Model

> summary (lm(gfr~pe+ww2+pill,data=fertil3))$coef

Estimate Std. Error t value Pr(>|tl)
(Intercept) 98.68175535 3.20812903 30.759908 1.248026e-41
pe 0.08254002 0.02964623 2.784166 6.943926e-03
WW2 -24.23839517 7.45825272 -3.249876 1.796596e-03

pill -31.59403377 4.08106796 -7.741609 6.455308e-11
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Remarks

1. All independent variables are significant, and the signs of their coefficients are expected

2. The coefficient of pe indicates that a 12 (= 1/0.083) dollar increase in pe will increase
gir by about one birth per 1000 women.

3. Being in WWII causes 24 fewer births for every 1000 women.
4. Having access to birth control pill on average causes 31 fewer birth per 1000 women

5. The static model has a drawback that it only captures the immediate or
contemporaneous effect of pe on gir
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DIL. Model

> n = nrow(fertil3)

> fertil3$pelagl = c(NA,fertil3$pel[l:(n-1)1)

> fertil3%pelag? = c(NA,NA,fertil3$pell: (n-2)1)

> summary (lm(gfr~pet+pelagl+pelag2+ww2+pill,data=fertil3))$coef

Estimate Std. Error t value Pr(>|tl)
(Intercept) 95.870497467 3.2819571 29.21138071 1.022560e-38
pe 0.072671828 0.1255331 0.57890569 5.646848e-01
pelagl -0.005779582 0.1556629 -0.03712883 9.704979e-01
pelag? 0.033826844 0.1262574 0.26791971 7.896227e-01
WW2 -22.126497512 10.7319716 -2.06173649 4.329888e-02
pill -31.304988800 3.9815591 -7.86249501 5.633695e-11
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Multicollinearity of DL model

> m = 1lm(gfr pe+pelagl+pelag2+ww2+pill ,data=fertil3)
> library("car")
> linearHypothesis(m, c( "pe=0", "pelagl=0","pelag2=0"))

Res.Df RSS Df Sum of Sq F Pr(>F)
1 67 15460
2 64 13033 3 2427.1 3.973 0.01165 =*

> summary (lm(pe~pelagl+pelag?2,data=fertil3d))$r.squared
[1] 0.9307629
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Remarks

1. The DL model (3) can capture both immediate and lag effects

2. Intuitively there is lag effect of pe on gfr because it takes a while for people to make a
decision about childbearing

3. The F statistic equals 3.973, indicating pe and its two lags are jointly significant, even
though they are individually insignificant (check their t values). These are signals
for multicollinearity.

4. Multicollinearity is present due to the correlation among pe and its lagged
values—R-squared 1s 0.9307629 if we regress pe onto its two lagged values
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Restricted DL Model

> linearHypothesis(m, c('"pe=pelagl",

"pe=pelag2"))

Res.Df RSS Df Sum of Sq F Pr(>F)

66 13054

vV V. N =

Estimate Std. Error
(Intercept) 96.04158232 3.186654902
Z 0.03280598 0.009407578
WW2 -20.55202447 6.797630982
pill -31.31209196 3.921779472
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64 13033 2 21.824 0.0536 0.
fertil3$z=fertil3$pe+fertil3$pelagl+fertil3dpelag?
summary (lm(gfr~z+ww2+pill,data=fertil3) ) $coef

9479

t value Pr(>[tl)
30.138683 2.647222e-40
3.487187 8.734987e-04
-3.023410 3.557199e-03
-7.984154 2.826355e-11



Remarks

1. Because the p value of F test is 0.9479, greater than 0.05, we cannot reject the null
hypothesis that pe and its two lags have the same coefficients Hy : 6y = 0, = 0

2. Thus we impose the restriction of equal coefficients, generate the new regressor z, and

run the restricted regression (12

3. The restricted DL model does not suffer multicollinearity (t value of z 1s 3.487187,
greater than 1.96)
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LRP and Transformed Regression

> fertil3$dpel
> fertil3$dpe2

(Intercept)

pe
dpel
dpe2
WW2

pill

fertil3$pe-fertil3$pelagl
fertil3$pe-fertil3$pelag?
> summary (lm(gfr~pe+dpel+dpe2+ww2+pill ,data=fertil3)) $coef

Estimate
870497467

.100719090
.005779582
.033826844
.126497512
. 304988800

Std. Error
3.28195707
0.02980267
0.15566293
0.12625740

10.73197162

3.98155913

24

t value

.21138071
.37953229
.03712883
.26791971
.06173649
. 86249501

OO N O - -

Pr(>[t])

.022560e-33
.240844e-03
.704979e-01
.896227e-01
.329888e-02
.633695e-11



Remarks

1. Next we run the transformed regression (11) in order to estimate the long run propensity
(LRP) of pe on gfr.

2. It is shown that estimated long run propensity is LRP = 1007191, and its standard error
1s 0.02980267

3. The t statistic for LRP 1s 3.37953229, so the long run propensity is significant
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ADL Model

> fertil3$gfrlagl =

c(NA,fertil3$gfr[1: (n-1)])

> summary (lm(gfr~gfrlagl+pe+ww2+pill,data=fertil3))$coef

Estimate
(Intercept) 7.3339809
gfrlagl 0.9086082
pe 0.0229774
WW2 -2.1059458

pill -5.1037802

Std. Error
3.220495312
0.031270456
0.008347645
2.132276895
1.415781506
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t value

.2772835
.0564420
. 7525610
.9876512
.6049208

Pr(>|tl)
2.601661e-02
2.503770e-39
7.628282e-03
3.269306e-01
6.005190e-04



Remarks

1. The DL model assumes that the effect of pe vanishes after two periods. By contrast,
ADL model allows for long-lasting effect

2. Coefficient of lagged gfr 1s 0.9086082 in the ADL model, implying that gfr 1s highly

persistent

3. The long run propensity based on the ADL model is (google “geometric series” to
understand the math below)

~0.0229774
~1-0.9086082

5+p5+p26+...:% = 0.2514,

which is greater than the LRP of the DL model.

4. This finding confirms that ADL model can allow for lag effect that lasts longer than the
DL model
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AR(1) Model and Forecasts

> summary(1lm(gfr~gfrlagl,data=fertil3)) $coef

Estimate Std. Error t value Pr(>|t]|)
(Intercept) 1.3049366 2.54882081 0.5119766 6.103022e-01
gfrlagl 0.9777202 0.02600532 37.5969366 1.075648e-47

> co = coef(Im(gfr-gfrlagl,data=fertil3))

> cat("one-step ahead forecast is", col[2]*fertil3$gfr[72])
one-step ahead forecast is 63.9429

> cat("two-step ahead forecast is", col[2]*co[2]*fertil3$gfr[72])
one-step ahead forecast is 62.51827
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Remarks

1. Finally we only include the lagged gfr as the regressor and run AR(1) model
2. The one and two-step ahead forecasts are 63.9429 and 62.51827.

3. We do not include the intercept term because it 1s statistically insignificant
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Q4 of HW3

Please modify codes on page 28 to run AR(2) model. Compute the one-step and two-step
ahead forecasts of gfr based on the AR(2) model.
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