
Eco311 Optional Reading: Central Limit Theorem (CLT)

(Jing Li, Miami University)

1. Recall: (1) the fundamental idea of statistics is using sample to understand population;

(2) there are many samples; (3) consequently, estimates from using different samples

are random

2. The distribution of sample estimates (e.g., sample mean) is called sampling distribution

3. The basic version of CLT is concerned with sample mean obtained from iid sample, and

states that its sampling distribution becomes more and more like a normal distribution

when the sample size increases. Mathematically,

ȳ ∼ N

(
µ,
σ2

n

)
, (as n→∞) (1)

4. You cannot apply CLT to, say, sample median; you cannot apply CLT when the sample

size is small; you can only apply CLT to sample means from large samples.

5. We use simulation to illustrate CLT:

(a) First we let y follow Bernoulli distribution. We pretend to flip ten times a coin

that shows head (R denotes as TRUE or value 1) with probability of 0.3

> library(moments)

> library(purrr)

> set.seed(12345)

> data = rbernoulli(10, p = 0.3)

> data

[1] TRUE TRUE TRUE TRUE FALSE FALSE FALSE FALSE TRUE TRUE

> hist(as.numeric(data))
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(b) In this particular sample, there are six heads (TRUE) and four tails (FALSE). It

is clear that the distribution of y is not normal since it does not look like a bell.

Actually it is Bernoulli distribution.

(c) It should be emphasized that no matter how large the sample becomes, y still

follows Bernoulli distribution (the coin does not change no matter how many

times you flip it). CLT is about ȳ, the proportion of heads showing up.

(d) Next we try to create 10000 small samples (n = 10, or flipping the coin 10 times)

and 10000 big samples (n = 100, or flipping the coin 100 times). Based on those

samples we obtain 10000 small sample means and 10000 big sample means. We

check their skewness and kurtosis to see if they follow normal distribution.

> iter = 10000

> bign = 100

> smalln = 10

> v.ybars = rep(0, iter)

> v.ybarb = rep(0, iter)

> for (i in 1:iter) {

+ v.ybars[i]=mean(as.numeric(rbernoulli(smalln, p = 0.3)))

+ v.ybarb[i]=mean(as.numeric(rbernoulli(bign, p = 0.3)))

+ }

> skewness(v.ybars)

[1] 0.2729003

> skewness(v.ybarb)

[1] 0.08505532

> kurtosis(v.ybars)
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[1] 2.859362

> kurtosis(v.ybarb)

[1] 2.934835

> hist(v.ybars)

> hist(v.ybarb)

We see that as n rises from 10 to 100, the skewness of sampling distribution of

ȳ falls from 0.2729003 to 0.08505532 (becoming more symmetric), and kurtosis

rises from 2.859362 to 2.934835 (kurtosis for normal distribution is 3). In short,

ȳ is becoming more and more like a normal random variable. This finding is

consistent with CLT.

(e) The histograms are
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(f) Obviously, the histogram of 10000 big sample means looks more like a bell, ver-

ifying the CLT again. Notice that the center of the bell is 0.3, confirming that

E(ȳ) = µ.
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