
Eco311: Mean, Variance, and Las Vegas

(Jing Li, Miami University)

1. This note provides an example showing how to use mean and variance to make decisions

in the presence of uncertainty.

2. Suppose there is a simple game offered by a Las Vegas casino: you pay 2 dollar to roll

a fair die; the casino pays you 6 dollars if you get the number 6, and pays 1 dollar

otherwise. Do you want to play this game?

3. The return y is random: you lose 2 − 1 = 1 dollar with probability 5/6, and you win

6 − 2 = 4 dollars with probability 1/6. The (population) mean return, a weighted

average, is

µ ≡ E(y) = (−1)
5

6
+ (4)

1

6
= −1

6

So on average you lose 1/6 dollar, or equivalently, the casino makes a profit of 1/6

dollar from you.

4. Next we run simulation, pretending you play this game ten thousand times

> set.seed(12345)

> i = 1

> return = rep(-1,10000)

> while (i<=10000) {

+ die = sample(1:6, 1)

+ if (die==6) return[i] = 4

+ i = i+1

+ }

> mean(return)

[1] -0.17

> var(return)

[1] 3.461446

The average return from 10000 plays (sample mean ȳ) is −.17, very close to the pop-

ulation mean µ = −1
6
. This finding is implied by the law of large number(LLN).
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5. So based on the mean value of return, a rational person should not play this game

because there is an expected loss.

6. Now suppose a different game is offered by Casino B. You pay 2 dollars to roll two

dice. The casino pays you 31 dollars when you get 12, and 1 dollar otherwise. Is the

game better or worse?

7. This time we just run simulation, because we dislike doing probability math, and we

know the simulation result should be close to true answer thanks to LLN

> set.seed(12345)

> i = 1

> return = rep(-1,100000)

> while (i<=100000) {

+ dice1 = sample(1:6,1)

+ dice2 = sample(1:6,1)

+ if (dice1+dice2==12) return[i] = 29

+ i = i+1

+ }

> mean(return)

[1] -0.1714

> var(return)

[1] 24.17166

We see that the (sample) mean return of this new game −0.1714 is almost the same

as the first game −0.17. Actually you can compute the population mean of the second

game return, which is the same as the first game. So in terms of average return, the

two games are the same, and you should be indifferent.

8. However, the (sample) variance of return for the second game 24.17166 is much greater

than the first game 3.461446. You may wonder, does variance matters?

9. Variance matters if we switch our focus from return to utility
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10. To see this, consider a log utility function log(y) that satisfies diminishing marginal

utility d2 log(y)
dy2

= − 1
y2
< 0. Or without using calculus, compare the change in utility

(marginal utility) when wealth changes from 2 to 1, and from 2 to 3.

> log(1)-log(2)

[1] -0.6931472

> log(3)-log(2)

[1] 0.4054651

This implies that the decrease in utility 0.6931472 when losing one dollar is greater

than the increase in utility 0.4054651 when winning one dollar. This asymmetry allows

variance to enter play field. To see this, let’s rerun simulation and compare change in

utility (marginal utility, mu)

> set.seed(12345)

> i = 1

> muA = rep(log(1)-log(2),100000); muB = rep(log(1)-log(2),100000)

> while (i<=100000) {

+ die = sample(1:6,1)

+ if (die==6) muA[i] = log(6)-log(2)

+ dice1 = sample(1:6,1)

+ dice2 = sample(1:6,1)

+ if (dice1+dice2==12) muB[i] = log(31)-log(2)

+ i = i+1

+ }

> mean(muA)

[1] -0.3958226

> mean(muB)

[1] -0.5949695

So the second game leads to a greater average loss in utility 0.5949695 than the first

game 0.3958226. As a result, a rational person should prefer the first game (which has

the same average return as the second game, but smaller variance in return).
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11. (math proof): consider a Taylor expansion of the utility function around the average

return

f(y) ≈ f(µ) + (y − µ)f ′(µ) +
1

2
(y − µ)2f ′′(µ)

Taking expectation on both sides leads to

E(f(y)) ≈ f(µ) +
1

2
var(y)f ′′(µ)

So holding µ equal, for a utility function satisfying f ′′ < 0, a rising variance in return

lowers average utility

12. People may choose to gamble even if the average return is negative, for at least four

reasons

(a) People only play game few times. The sample mean in a small sample can differ

from the population mean

(b) Some people are risk loving whose utility function satisfies f ′′ > 0

(c) Utility can come from other sources such as excitement or anticipation

(d) People do not understand probability or hate doing math
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