
Homework Set 1, ECO 311

Due Date: check syllabus

Instruction: There are eight questions. Each question is worth 2 points. You need to

submit the answers of only five questions which you choose. The maximum point you

can get is 10 points. I will grade only the first five questions if you answer more than five

questions. For the purpose of preparing exam, you need to understand all questions.

I will discuss the homework on the due date. Please do not ask me to go through the

homework before the due date. However, you can discuss the homework with your classmates.

You need to submit the homework individually though.

A warning about notation. The textbook uses uppercase letter such as Y to denote a

random variable, and lowercase letter y for the value taken by the variable. Here I use the

lowercase letter to denote both to avoid the cumbersome notation.

Q1: Summation

Statistics and Econometrics involve a lot of summations, and the shorthand for summation

is Σ. By definition
i=n∑
i=1

yi ≡ y1 + y2 + . . . yn

where i is the index for the observation, and n is the number of observations (sample size).

For example, we can use the sigma notation to define the sample mean as

ȳ ≡ y1 + y2 + . . . yn
n

=

∑i=n
i=1 yi
n

More discussion about summation is in appendix A.1 of the textbook. Now please prove

1.
∑i=n

i=1 cyi = c
∑i=n

i=1 yi where c is a constant (1 point)

2.
∑i=n

i=1 (yi − ȳ) = 0 (0.5 point)

3.
∑i=n

i=1 (yi − ȳ)2 =
∑i=n

i=1 (yi − ȳ)yi (0.5 point)

The second problem indicates that the sample mean measures the central location, in the

sense that the total deviation of y from the sample mean is zero. The third problem shows

how to simplify the calculation of sample variance.
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Q2: Expectation and Variance

Statistics uses random variable to describe randomness. A variable is random if it follows a

distribution (taking different values with probability). The central location of the distribu-

tion is called expected value or mean, denoted by E(y) or µy. Mathematically, the mean is a

weighted average of the values that can be taken by the random variable; the weight is the

probability that the variable takes that value (Read appendix B.3 of the textbook):

E(y) =
k∑

j=1

yjf(yj)

where j is the index for the value that can be taken by y. The above formula assumes the

variable can take possible k values; the probability for taking the j-th value is f(yj).

Now consider a Bernoulli random variable that takes values of 1 and 0 only (later we call

such variable a dummy variable)

y =

{
1, with probability p

0, with probability 1− p

so f(1) = p, f(0) = 1− p.

1. Prove that E(y) = p (1 point). We learn from this problem that for Bernoulli random

variable the parameter p denotes both the mean and the probability that y = 1.

2. The dispersion of the distribution is measured by variance:

var(y) = E
(
[y − E(y)]2

)
.

Please find the variance for the Bernoulli random variable var(y) =? (1 point)

Hint: for the second part we may define a new random variable z = [y − E(y)]2. So z is a

function of y, and z measures the squared deviation of y from its mean. Now you may first

find the distribution for z, and then the mean of z, which is var(y) by definition.
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Q3: Covariance

Read Appendix B.4 of the textbook for this problem. The expectation has the properties

that for a constant c

E(c) = c

E(cy) = cE(y)

Suppose there are two random variables x and y. We can define another one

z = (x− µx)(y − µy)

where µ is the expected value. Then by definition, the covariance between x and y is just

the mean of z :

cov(x, y) = E(z) = E[(x− µx)(y − µy)]

Use the property of the expectation to prove that

1. cov(x, y) = E(xy)− µxµy (1 point). (Hint: µx is a constant, so is µy)

2. Under what condition it follows that E(xy) = E(x)E(y)? (1 point)

The last problem shows that in general the expectation of a product is not the product of

expectations.

Q4: Normal Distribution and Law of Large Number

Suppose yi, i = 1, 2, . . . , n are i.i.d random variables (so the sample is random sample), and

each is normally distributed N(10, 4). Denote the sample mean by ȳ.

1. What is the distribution of ȳ? Use Table G.1 in the textbook to find P (9.6 ≤ ȳ ≤ 10.4)

when n = 25.

2. Suppose c is a positive number. Show that P (10 − c ≤ ȳ ≤ 10 + c) becomes close to

1 as n grows large. This result implies that the sampling distribution of the sample

mean ȳ becomes more and more concentrated around the population mean as sample

size gets larger. This fact is called law of large number.
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Q5: R Exercise: T Test and Confidence Interval

Use House data posted in my webpage to answer this question.

Please use R to find the sample mean, standard deviation, and sample size of rprice.

Then based on those results, find standard error and t statistic for the null hypothesis

H0 : mean(rprice) = 80000. Use the R function pnorm to find the p-value and draw a

conclusion. Finally, use the function qnorm to find the critical value and construct the 90%

confidence interval for the population mean of rprice, and interpret that interval. Show me

the solving process, i.e., write down the math formula, then plug in the number. Do not use

command t.test to obtain the answer.

Q6: Sample Mean is OLS Estimator

Consider running a strange regression and only estimating an intercept (i.e., there is no

independent variable X on the right hand side of the regression). The regression is

y = β0 + u.

1. Please show that the estimated intercept is the sample mean

β̂0 = ȳ

2. Please show the sum of residual equals zero

Q7: R Exercise: Simple Regression

Use House data to answer this question. We are interested in the relation between rprice

and area. The R reports following simple regression result

> summary(lm(rprice~area))$coef

Estimate Std. Error t value Pr(>|t|)

(Intercept) 16225.83153 4381.25679 3.703465 2.505499e-04

area 32.03807 1.97527 16.219593 1.448699e-43

1. How to interpret the estimated slope β̂1 = 32.03807? Does area have significant effect

on rprice? Why?
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2. Please find the predicted rprice for a house with area=1000. Suppose for that house

the residual is positive, what does that mean?

Q8: R Exercise: Simple Regression—continue Q7

Continue Q7. Please provide the R codes and results that verify the first order condition

(II). That is, to show
n∑

i=1

areaiûi = 0

where û is residual. Moreover, verify that

corr(ŷ, û) = 0

where ŷ is fitted value. Due to rounding errors, you should get answers very close to 0.
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